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Abstract. Let khe a. field and suppose p, q G k. We prove that 
the two affine Hecke algebras Hq and Hp of type An are isomorphic 
as /c-algebras if and only if p = q^^. 

There is a classical theorem that two finite dimensional Hecke algebras 
Mq and Hp over a field of characteristic of same type are always 
isomorphic by Tits (see Bourbaki [BJ, see also Lusztig [L] for such an 
explicit isomorphism). Motivated by this, Xi [X] raised the qusetion 
whether the same result holds for affine Hecke algebras and the question 
for the type A2 was answered in [Y]. 

In this paper we answer the question of Xi for the type An for all n > 2. 
The methodology, invloves the center (as a polynomial algebra) of the 
affine Hecke algebra and its automorphisms, has been adapted from 
Li and Yu |LY] . where the question of isomorphism between quantum 
groups of type A is treated. 

Let k be an arbitrary field and let Hg be the affine Hecke algebra of 
type An{n > 2) over k with the generating set 

{Ti, Xj \ i = l,...,n; j = 1, . . . , n + 1} 

subject to the following defining relations: 

T/rr^ = l = Tr'T,; (T, + 1){T, - q) = 0; 
TiTi+iTi = Ti+iTiTi+i] TiTj = TjTiiy | z - j |> 1); 
XjXj ^ = 1 = Xj ^Xj] XiXj = XjXi, X1X2 ■ ■ ■ Xn+1 = 1; 
TiXm = qXi + 1; X^T, = T.Xji^j + 
The center Z{Hq) of Hg is 

k[Si, S2, . . . , Sn], 
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where 

Si — Si{Xi, . . . , Xn) 

is the elementary polynomial of Xi, X2, . . . , Xn+i (we omit Xn+i 
in the expression of Si since Xj+i = (Xi . . so actually Si are 

functions of Xi, . . . , X„). Observe the symmetry that 

Si{Xi, . . . , X„) — Sn-i{X^ ^, . . . ,X^^). 
Theorem 0.1. Let Hq and Hp be isomorphic as k-algebras. Then 

Proof. Let Hq be isomorphic to Hp as A;-algebras. Then we may 
assume Hq — Hp. In other words, there exist another generating set 

{ti, Xj\i^l,...,n] j = 1, . . . , n + 1} 

subject to the following defining relations: 

titr^ ^l^tfti] {ti + l){ti-q)^Q- 

titi+lti — ti+l'ti'ti+li titj — tjti(\/ \ i — j |> 1); 
X j j — — j 3 ' ^ J — ^ j "j 1_ • • • *^7T,-|-1 — 1 5 
tiXiti — QX^i^ij Xjti tiXji^j ^ i -|- 1) 

The center Z{Hq) = Z{Hp) of Hq = Hp is 

^['S'l, >S'2, . . . , Sn] = k[Si, S2, . • . , Sn], 

where Sj = Si{xi, . . . , Xn) is the i"*'' elementary polynomial of 

•^1; X2j • • • ; 2^n+l- 

Similarly 

Obviously there exists a A;-algebra isomorphism a from k[X^^, . . . , X^^] 
onto k[xf^, . . . , x^^] taking Xj to Xj, and o; induces an A;-algebra auto- 
morphism of 

Z{Hq) = k[Si, S2,..., Sn] = k[si, S2,..., Sn] = Z{Hp) 

taking Si to Si. 

Obviously there exists an automorphism a of Z{Hq) taking Sj to Sj 
for all j and a can only be lifted to the following isomorphisms from 
k[X^^, . . . , X^^] onto k[xf^, . . . , x^^] taking X^ to ^^-(j) for all i or tak- 
ing Xj to x~l^--^ for some cr e 6„. Note also S'j(xo-(i), . . . , a;o-(n)) = and 

SjiKil)^ • • • ' ^a(n)) = i Cr eSn- 

Now consider the scalar actions of the central elements 

Sjt — 'S'j' (•^(t(I) ) ■ ■ ■ ) ■^iT(n)) 
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(or Sj = S'„_j(x;(\),...,a;;(^„))) in Z{H) = Z{Hg) = Z{Hp) on the 
1-dimensional simple {Hg = Hp) = if-module M via the 
i7g-structure and i/p-structure of H, there must exist 

Oil O2, . . . , Cln, On+1 G k* , aia2 ■ ■ ■ andn+l = 1 

such that tti = qtti^i for i = 1, 2, . . . , tt, and 

61, f)2, • • • , bn, bn+1 e k\ 6162 . . . bnbn+1 = 1 

such that hi = a^^i) for all i, or bi = a~^--^ for all i for some a G ©„ and 
bi = pbi^i for alH = 1, 2, . . . , n, and 

■Sj(Ol) • • • 5 O'n+l) = Sj{bi, . . . , bn+i) 

for all j. 

It is easy to see that the only possibihties are 

(1) p = q, bi = tti for all i; or 

(2) p = q"^, bi = a~"^ for all i. □ 

Remark 2. By the methodology in this paper, we can treat the same 
isomorphism question for affine Hecke algebra of all other types and 
obtain the similar result. 
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